We argue that weakly coupled 3 + 1 dimensional large N SU (N ) gauge theories, with 't Hooft coupling λ ≪ 1, compactified on a three-sphere of radius R, exhibit a novel second order phase transition at a temperature T c = C/ √ λR. The known constant C depends on the details of the gauge theory. The phase transition is characterized by a change in the eigenvalue distributions of the fields. Above the transition, the only eigenvalues which condense are those of the lowest Kaluza-Klein mode of the spatial gauge field A i on the three-sphere. Below the transition the eigenvalues of the lowest Kaluza-Klein mode of an additional field condense. We discuss in particular the examples of pure Yang-Mills theory and of the N = 4 supersymmetric Yang-Mills theory.
Introduction
There has been significant recent interest in the phase structure of large N finite temperature 3 + 1 dimensional SU (N ) gauge theories compactified on S 3 , following the observation that these theories undergo a Hagedorn or 'deconfinement' transition at weak and even zero coupling [1, 2, 3, 4] , at a temperature T d of order 1/R, where R is the radius of the S 3 . This deconfinement transition is particularly interesting in the context of the AdS/CFT correspondence [5] . For theories which have (at strong coupling) a string theory dual on antide Sitter (AdS) space with small curvatures, the transition is believed to be continuously connected to the Hawking-Page phase transition between thermal AdS space and a black hole, that signals deconfinement in the strongly coupled, supergravity, regime [6, 7] . In asymptotically free gauge theories with a dynamical scale Λ, where the weakly coupled regime corresponds to R ≪ 1/Λ, this transition is believed to be continuously connected to the standard deconfinement transition at large volume (strong coupling) R ≫ 1/Λ.
A deconfinement transition therefore separates the high and low temperature phases of the gauge theory both at weak coupling and at strong coupling. The question then remains to map out the full phase structure of the theory as the coupling is varied from the perturbative to the strong coupling regimes. Again, this question is especially relevant for attempts to study black holes using the AdS/CFT correspondence. Classical black holes are described by the high temperature, strong coupling regime of (for instance) N = 4 super Yang-Mills (SYM) theory. There have been several recent attempts to characterize black holes away from their weakly curved regime by using the analytic properties of field theory correlators at weak coupling [8, 9, 10, 11] . The simplest form of this approach assumes that there is no phase transition between the high temperature regimes at strong coupling and at weak coupling 1 .
In this paper we will discuss a large N phase transition that occurs in weakly coupled 3 + 1 dimensional gauge theories on S 3 at high temperatures. The transition will occur in a wide range of theories. For simplicity we assume that all fields in our gauge theory are in the adjoint representation, as in pure Yang-Mills and pure super Yang-Mills theories, and that, as in these examples, all interaction terms are single trace terms proportional to commutators. We also assume that all interaction terms are proportional to the Yang-Mills coupling (again, as in pure super Yang-Mills theories), such that the whole large N theory has an expansion in powers of the 't Hooft coupling λ ≡ g 2 Y M N and 1/N 2 . We will work with an SU (N ) gauge group, but at leading order in large N this is essentially the same as the U (N ) case. The generalization to other large N theories is straightforward.
Our computation is entirely within the perturbative regime of the gauge theory, and we argue that within this regime all of these gauge theories exhibit a second order phase 1 In some theories, like the theory arising from D4-branes compactified on a circle with anti-periodic boundary conditions [7] , it is known that there is such a phase transition in the deconfined phase on R 3 [12] , but this transition is different from the ones we discuss in this paper.
transition (within the deconfined phase) at a temperature T c = C/ √ λR, where C is a computable constant depending on the theory. The key point is the following. Recall [2] that at low temperatures the dynamics of these theories is governed by the eigenvalue distribution of the zero mode of A 0 , which is constant below the deconfinement temperature and nonconstant above it. However, at sufficiently high temperatures T 1/ √ λR, A 0 develops a thermal mass squared of order λT 2 , and it is the spatial components A i of the gauge field which become parameterically lighter than any other mode in the theory. We show that at high temperatures in the large N limit, the eigenvalues of the lowest Kaluza-Klein mode of A i condense and form a five sphere S 5 . Note that in the large N limit, the eigenvalues of A i can condense without breaking the SO(4) rotational symmetry. This is because the dominant eigenvalue distribution is invariant under this symmetry. At very high temperatures T ≫ 1/ √ λR, this eigenvalue distribution is stable against other modes condensing.
However, as the temperature or coupling is lowered, other modes become of comparable mass and eventually also condense, leading to a change in the topology of the eigenvalue distribution. This is the phase transition we study in this paper 2 . Our phase transition separates the high temperature regime at weak coupling from the high temperature regime at strong coupling 3 . The dynamics of the transition is essentially identical to a transition recently studied in [13] . The difference with that work is that we include all the degrees of freedom of the theory in our analysis, and in particular we include the degrees of freedom which are relevant for the transition, which were not included in [13] . We begin in section 2 by describing the general structure of thermal gauge theories on S 3 , and in particular the simple form of their effective action at high temperatures, which reduces to a quadratic multi matrix model. In section 3 we analyze such matrix models, and show that they lead to a second order phase transition as the masses (which depend on the temperature) are varied. We end in section 4 with our conclusions and open questions.
2 Thermal gauge theories on S 
The classical action
The thermal partition functions of gauge theories on S 3 can be computed by performing the Euclidean path integral of the theory on S 3 × S 1 , where the S 1 has circumference β = 1/T . We will denote the radius of the S 3 by R. This path integral can naturally be performed by expanding all the fields into Kaluza-Klein (KK) modes on S 3 × S 1 , and then integrating over these modes (which are just matrices). We use a normalization of the fields in our 3 + 1 dimensional action in which there is a 1/g 2 Y M = N/λ sitting in front of the whole action, such that the explicit gauge interaction terms have coefficients which are pure numbers. After 2 As we will discuss in section 4, it is not clear how to write down a gauge-invariant order parameter for this phase transition beyond the perturbative expansion that we are using.
3 Note that the separation we describe is only relevant for the theory on S 3 , and there is no evidence for any such separation at infinite volume.
the KK expansion we have an integral over an infinite number of matrices coming from the KK modes, with an action proportional to R 3 N/λT . The derivative terms in the original action now become mass terms for the various matrices, with contributions proportional to T 2 coming from the Euclidean time derivatives, and contributions proportional to 1/R 2 coming from the spatial derivatives. It is convenient to use the gauge ∂ i A i = 0 for the spatial components of the gauge field. The A i 's are then vector spherical harmonics on S 3 , without additional contributions proportional to derivatives of scalar spherical harmonics. The mode expansion of A i then leads to 2(n 2 − 1) fields (in the (n − 1, n + 1) + (n + 1, n − 1) representation of the SO(4) rotation group), with a classical mass squared equal to n 2 /R 2 + l 2 (2πT ) 2 , for any positive integer n and any integer l. Similarly, the KK expansion of A 0 leads to n 2 fields (in the (n, n) representation) with mass squared n 2 /R 2 + l 2 (2πT ) 2 . If we have additional scalar fields they have a similar expansion; for conformally coupled scalar fields there is a shift of the above masses squared by 1/R 2 coming from the conformal coupling to the curvature of S 3 (in addition to a shift coming from any classical mass terms). For fermionic fields we have a similar expansion with half-integer l's and n's. Schematically, the action takes the form
with φ denoting all bosonic fields, coming from the gauge field or from scalar fields, and ψ denoting all fermionic fields. The coefficients, whose mass dimension is indicated by the power of m, depend on the precise KK indices; see [3] for a detailed example. The masses appearing in this formula include both explicit 3 + 1 dimensional mass terms and the KK masses listed above.
One loop thermal mass terms:
Classically, such a gauge theory (with all scalar fields massive, either due to the conformal coupling or to explicit mass terms) has a single massless mode -the zero mode α of A 0 , both on the S 3 and on the S 1 . All other modes are massive, with masses at least of order 1/R or of order T . It is then natural to integrate out all the other modes, and obtain an effective action for α, which due to the symmetry under large gauge transformations on the S 1 is really an action for the unitary matrix U = e iβα . This effective action turns out to be nontrivial already in the free theory, since the one-loop path integral with some background value for α is non-trivial. The effective action of the free theory, as computed in [1, 2] , takes the form, up to an overall additive constant,
where z B (β) (z F (β)) is the generating function for the bosonic (fermionic) modes in this classical theory on S 3 , given by the sum of e −βE i over all bosonic (fermionic) states of energy E i , counting each mode in the adjoint representation once. The phase structure of this matrix model was analyzed in [1, 2] ; the action S provides an attraction between the eigenvalues (at least at short distance), but as in any unitary matrix model there is a repulsion between the eigenvalues coming from the measure. We can write the action in terms of the eigenvalues e iθp (p = 1, · · · , N ) of U in the form:
where the first term comes from the change of measure from the unitary matrix to its eigenvalues. At low temperatures the repulsion wins and the eigenvalue distribution is uniform, corresponding to a confined phase in which the expectation values of the PolyakovSusskind loops Tr(U n ) vanish. At a temperature T deconf of order 1/R, given by the solution to z B (β) + z F (β) = 1, there is a weakly first order phase transition to a phase where the eigenvalue distribution is non-uniform and gapped, and this deconfined phase governs the high temperature behavior. Adding higher loop corrections turns this weakly first order transition either into a first order transition or into a second order transition followed by a third order transition, depending on a coefficient which requires a three-loop computation [2, 3] . For T ≫ 1/R the eigenvalue distribution becomes highly localized. In this limit the functions z B and z F go as 2n B (T R) 3 and as 2n F (T R) 3 , respectively, where n B (n F ) is the number of bosonic (fermionic) adjoint degrees of freedom in the theory: two from the vector field plus one for every additional scalar field. Assuming without loss of generality that the eigenvalue distribution is localized near θ = 0, and symmetric around θ = 0, the terms in (3) coming from integrating out the other modes at one-loop take the approximate form
The large temperature limit can also be thought of as a large volume limit, since the free theory (with no classical masses) depends only on the dimensionless combination T R. The first term in (4) is precisely (−β) times the free energy density of the free gauge theory in flat space, multiplied by the volume of S 3 , as we expect to find in the large volume limit. The second term in (4) looks like a one-loop mass term for the zero mode α; recalling the factor sitting in front of the action (1), and the fact that θ ∼ βα, this term corresponds to a physical mass equal to λT 2 (n B + 1 2 n F )/3, with our normalization of λ 4 . This is precisely the one-loop "electric mass term" that we expect to find for A 0 in the large volume limit (see [14] and references therein); in the large T R limit the diagrams giving this mass term in the theory on S 3 become identical to the same diagrams on R 3 (they are not IR-divergent). The presence of this mass term means that even though classically α is always the lightest mode, in the theory with finite coupling this is no longer true when λT 2 ∼ 1/R 2 , since then the KK modes of other fields could start becoming lighter than α, and it no longer makes sense to integrate out the other fields and keep only α.
The details of what happens for λT 2 ∼ 1/R 2 depend on the theory. However, on general grounds we expect that any scalar fields in the theory should also obtain one-loop masses going as some positive number times λT 2 . For instance, in the N = 4 SYM theory, A 0 has mass squared 4λT 2 in flat space and the six scalar fields have a thermal mass squared 2λT 2 . The only field that does not obtain a mass squared at order λ is the spatial gauge field A i . This field obtains a mass squared only at order λ 2 T 2 , where perturbation theory breaks down, since this is the scale at which the three dimensional Euclidean theory that we get by reducing on the Euclidean time circle becomes strongly coupled. Thus, if we are at weak coupling and in the temperature regime 1/ √ λR ≪ T ≪ 1/λR, the KK modes of the field A i , with masses going as n/R, are much lighter than all other fields which have masses going as √ λT . This suggests that at high temperatures we should write an effective action for the KK modes of the fields A i instead of α, and that the eigenvalues of these fields should condense rather than the eigenvalues of α. Note that, as discussed in section 5 of [3] , when the thermal masses are taken into account, perturbation theory is valid up to T ∼ 1/λR.
The high temperature action
From the above discussion it is clear that once we go to temperatures at least of order 1/ √ λR, we need to keep many KK modes in our expansion, since no single KK mode is parameterically lighter than the others. However, we will assume that the dynamics is still governed by the eigenvalues of the matrices, namely that the dominant configuration can be described by condensates for several matrices that commute with each other so that they can be simultaneously diagonalized. This is a reasonable assumption due to the potential energy cost involved in turning on non-commuting fields; we cannot prove this assumption but we will show that it is self-consistent. With this assumption, we can compute the effective action in some background configuration of the eigenvalues of the KK modes of all the bosonic fields, by integrating out the off-diagonal modes. At weak coupling we can do this integrating out at one-loop; the generic form of the action (1) implies that the corrections coming from higher loops of an off-diagonal mode of mass m are of order λT /R 3 m 4 , which is a positive power of λ in the range of temperatures that we are interested in (though note that when T → 1/λR the loops of the off-diagonal A i fields, whose mass squared goes as n 2 /R 2 + λ 2 T 2 , become large, so that our perturbative expansion breaks down there, as expected on general grounds).
In general, the one-loop integral with background values for all KK modes is very complicated, and has not been computed. The effective action with an arbitrary background for the zero modes of both A 0 and the six scalars of N = 4 SYM theory was computed in [15] and its phase structure was analyzed in [16, 13] , but adding more modes is quite complicated. However, the effective action simplifies when we look at temperatures of order 1/ √ λR or larger, because then the masses of the fields (which are at least of order 1/R)
imply that their background values will be small (in the saddle points which will dominate the thermal large N theory) 5 . This means that in the one-loop contribution that we obtain by integrating out the off-diagonal modes, we can keep only the quadratic term in the fields, and higher order terms will be self-consistently negligible. The quadratic terms at this order are simply given by the sum of the classical mass term of each mode, and its one-loop "electric mass" term, so they are easy to compute. The only other important term in the effective action for the eigenvalues is the repulsion term coming from the measure.
If we denote the eigenvalues of the bosonic KK mode φ i (which is in some representation, of dimension n i , of the SO(4) rotation group and of any global symmetry groups) by φ i p (p = 1, · · · , N ), then this term is simply given (in the small field approximation) by
coming from the volume of the enhanced SU (2) group that arises when two eigenvalues (of all the fields) come together. Thus, we can write down our effective action for T ≫ 1/R in the form
When the ratios of masses are not large, then in principle we need to keep all the KK modes here, and we cannot integrate out some of them. On the other hand, if one KK mode is much lighter than the others (as happens for T ≪ 1/ √ λR), then we can reliably integrate out the heavy fields in (6) . Note that in the effective action (6) we have only kept the terms depending on the eigenvalues. There are additional terms at high temperatures which are independent of the eigenvalues, such as the first term on the second line of (4), which dominates the free energy at weak coupling. When modes of a certain mass m dominate the eigenvalue distribution, (6) implies that their characteristic background values are of order λT /R 3 m 2 . In the range of temperatures that we are interested in this is much smaller than m, which means that the masses of the off-diagonal modes are dominated by the contributions from the quadratic tree-level and one-loop terms, rather than by the contributions from the quartic terms in the action, which give a contribution to their mass squared proportional to |φ i − φ j | 2 . These masses are not parameterically heavier than the masses of the diagonal modes that we will find in the saddle point configurations of (6), which is why we cannot rigorously argue that it is justified to ignore the possibility that the off-diagonal modes condense. However, as mentioned above, if we assume that there is a saddle point described only by the diagonal modes then the off-diagonal modes give parameterically small corrections to (6) .
We have thus argued that the effective theory describing large N gauge theories at temperatures 1/R ≪ T ≪ 1/λR takes the simple form (6), with masses that are easily computed. In the next section we will analyze the dynamics of matrix models of this type. At very high temperatures T ≫ 1/ √ λR, the lightest fields appearing in (6) are always the A i KK modes, with masses squared n 2 /R 2 (up to corrections of order λ 2 T 2 ); the lightest modes are six fields with m 2 = 4/R 2 and 16 fields with m 2 = 9/R 2 . As we go down in temperature to T ∼ 1/ √ λR, additional fields start becoming as light as the A i modes; the low modes of A 0 and of any massless scalar fields in the problem also have masses of order 1/R in this range of temperatures, so they all need to be included in the analysis.
Quadratic multi matrix models and their saddle points
In this section we will analyze the behavior of multi matrix models of the form (6). Similar models have been discussed recently in the same context in [13] , and in a different context which leads to the same matrix model (for a single vector of matrices) in [17, 18] . Note that we can always rescale all the masses together by a rescaling of the φ's without affecting the phase structure, so we can drop the overall factor in front of the mass term. We can restore it when we want to compute the action and free energy of the various phases we will find. Thus, we will analyze a model of the form
We assume that the masses are ordered so that m 2 1 < m 2 2 < · · · ; if some masses are equal we can join the corresponding modes together into a single vector. The equations of motion following from this action are
The high temperature phase and its stability
The simplest assumption to make is that only the lightest mode φ 1 condenses, and all others do not. In the large N limit where we have a smooth distribution ρ( φ) for the eigenvalues of φ 1 , we can write the equation of motion for such a solution as
A simple argument shows that (for n 1 > 2) there are no solutions in which ρ is a smooth function on R n 1 [17, 13] . It is easy to see that (9) has a solution where all eigenvalues are distributed on an S n 1 −1 sphere [19, 18, 13] , of the form
where the sphere has radius
The fact that the radius does not depend on the dimension was noted in [19] . This solution is valid for all n 1 > 1; for n 1 = 1 the solution turns out to be a semi-circle, and for n 1 = 2 the lowest action saddle is in fact a disc rather than the circle described above, but these cases will not arise in the theories we are interested in. The action for this configuration takes the form
where f n is a complicated expression involving hypergeometric functions, which is monotonically increasing with n (approaching zero for large n). Its values for small n are f 8 = 37/60−ln(2) ≃ −0.0765, f 7 = −47/60+ln(2) ≃ −0.0902, f 6 = 7/12−ln(2) ≃ −0.1098,
We can also write down many other saddle points of (9), where only some of the components of φ 1 condense on a lower dimensional sphere of radius (11) . These clearly have higher action than the saddle point above due to the monotonicity of f n . It is also possible for different sets of components to condense on different spheres, so that the distribution is a product of expressions of the form (10). All possible examples for n 1 = 6 were considered in [13] , and their action was always found to be larger than that of the S n 1 −1 distribution. We believe that this is true for all values of n 1 > 2.
The stability of this saddle point with respect to fluctuations of the φ 1 eigenvalues was checked in [13] , and it seems to be stable. There are of course zero modes corresponding to rotations of the S n 1 −1 , but all other fluctuations seem to raise the action. Next, we can check for the stability of this saddle point with respect to turning on the eigenvalues of the second lightest mode, generalizing a similar computation in [13] . A fluctuation in φ 2 leads to the quadratic action
In the large N limit, most of these fluctuations start becoming tachyonic when
This analysis requires n 1 > 3 for the convergence of the relevant integral.
Thus, assuming that n 1 > 3, we have the following picture. If in some range of temperatures all other masses are larger than (n 1 − 2)m 2 1 /(n 1 − 3), then the dominant saddle point is the one with only φ 1 condensed on a S n 1 −1 . Then, as we change the temperature, this saddle point becomes unstable whenever the mass of some mode goes below this value. The crucial dynamics here is that once one set of eigenvalues has condensed, it prevents the next lightest mode from condensing, over a range of masses.
In particular, consider the high temperature behavior of Yang-Mills theories discussed in the previous section. At high temperatures, the lowest mode coming from A i has multiplicity n 1 = 6 and m 2 = 4/R 2 , while all other modes have a mass of at least m 2 = 9/R 2 . Thus, at high temperatures only the lowest mode of A i condenses, in any gauge theory. As we lower the temperature, eventually some mode will go below the threshold m 2 = (4/3) × (4/R 2 ), at which point this mode will start condensing as well. We consider in detail two specific examples. In pure Yang-Mills theory, the first mode to condense after the A i 's is the homogeneous mode of the A 0 field, with n 2 = 1. We will see in the following subsection that this leads to a topology change in the eigenvalue distribution S 5 → S 6 . This process is mathematically identical to the transition described in [13] . In N = 4 super Yang-Mills theory, the first modes that condense are the six zero modes of the scalar fields, with n 2 = 6. This leads to the topology change S 5 → S 11 . The temperatures at which these transitions occur are
Note that the contribution to the free energy from the condensate of A i (12) is proportional to N 2 T , compared to the leading contribution (4) proportional to N 2 T 4 R 3 . Furthermore note that since we are interested in the regime 1/ √ λ < T R ≪ 1/λ, the contribution (12) is smaller than some of the perturbative corrections to this leading term. However, the contributions from (6) are the leading contributions which depend on the eigenvalue distributions, so we can reliably use them to analyze the phase transition, assuming that all other terms in the free energy are smooth functions of the temperature.
The behavior just below the transition
In order to analyze the phase transition in detail we need to know the dominant eigenvalue distribution immediately below the transition. This follows from the action for the joint eigenvalue distribution of φ 1 and φ 2 , which in the large N limit we denote as a continuous function ρ(φ 1 , φ 2 ). The action is 1
We do not know how to minimize this action in general. However, immediately below the transition, we expect the eigenvalue distribution to be localized so that | φ 2 | ≪ | φ 1 |.
Analytic expressions for the eigenvalue distribution may then be obtained by expanding the action (16) in powers of φ 2 , using
There will be regions of the eigenvalue distribution where | φ 1 − φ 1′ | will be small and this expansion is not strictly valid there. However, our expansion is performed inside an integral weighted by ρ(φ 1 , φ 2 ), so that just below the phase transition these regions contribute negligibly to the integral (for n 1 > 5). By imposing that the SO(n 1 ) × SO(n 2 ) symmetry of the action is not broken by the solution, the eigenvalue distribution may be written as
There are two undetermined functions here, the eigenvalue density ρ(r 2 ) (whose integral is normalized to one) and the radius of the φ 1 sphere r 1 (r 2 ), where r 2 is the radius of the φ 2 sphere. When we perform a small φ 2 expansion as in (17), we should also expand the undetermined function r
Our strategy is to perform this expansion in the action, and then extremize to solve for r 1 (0) and r
1 (0). However, r 1 (r 2 ) is not the only undetermined function in the ansatz (18). We must also solve for the effective eigenvalue density ρ(r 2 ). For the leading order behavior below the transition it is enough to expand the action to order r 4 2 , and to this order (for n 1 > 5) the action only depends on the eigenvalue density through the moments
Naively, one may treat r 2 2 and r 4 2 as independent variables in the action. However, this leads to inconsistent equations of motion. The reason for this is that the Cauchy-Schwartz inequality requires that r 4 2 ≥ r 2 2 2 , with equality only for the delta function distribution, so these variables are not independent of each other. The procedure we will use will be to define a new variable x by r
and to extremize the action with respect to r 2 2 and x subject to the constraint x ≥ 1. Simultaneously to the small r 2 expansion, we must expand about the transition point (14) . We do this by introducing a small parameter, ε, defined by
We then solve for r 1 (0), r
1 (0), r 2 2 and x in an expansion in small ε. Our objective is to compute the action of the solution just below the transition to the first non-trivial order, which is order ε 2 .
From here on we will write down the expressions only for the physically interesting case of n 1 = 6 (the generalization to n 1 > 6 is straightforward). Using the ansatz (18) for the eigenvalue distribution, one can perform the integrals over the spherical directions in the action. Then, we can solve the equations of motion of r 1 (0), r (1) 1 (0) and r 2 2 in a power series in ε. We find, up to the order we need:
It is interesting that the eccentricity of the ellipsoid defined by (19) does not tend to 1 at the phase transition (it does not become a pancake). As we approach the transition from below, the eigenvalues slide along the ellipsoid, which remains of constant shape, and accumulate at r 2 = 0. Note also that the relation between r 1 and r 2 does not depend (at leading order) on the number of modes which condense at the transition, n 2 . This number only enters in the solution for r 2 2 . The form of the ellipsoid (19) suggests that below the transition the eigenvalue distribution has topology S n 1 +n 2 −1 . This is supported by the numerical results in [13] .
If we now try to solve the equation of motion of x we see that it has no solution. Plugging the solution (23) into the action, we see that within the allowed range of x ≥ 1 the action is minimized at the boundary x = 1, which is why this equation cannot be satisfied. Thus, the minimal action solution is (23) with x = 1 (at leading order in ε). This delta function behavior of the eigenvalue density to leading order in ε implies that just below the transition the eigenvalues will be clustered around r 2 ∼ r 2 2 1/2 .
We can check the correctness of the results we have just stated by comparing with numerical solutions of the equations of motion. Figure 1 compares our results with a numerically computed eigenvalue distribution with N = 350 points, n 2 = 1 and ε = 0.04. There is a good agreement, especially in the region where the bulk of the eigenvalues are clustered, at r 2 ∼ r 2 2 1/2 . Quantitatively, the numerical analysis gives r 2 2 ≈ 0.0073 whereas our formula (23) gives r 2 2 ≈ 0.0053. The discrepancy here is of order ε 2 = 0.0016, as we should expect. The numerics furthermore give r 4 2 / r 2 2 2 ≈ 1.21, which is roughly of order ε away from x = 1, again consistent with our approximations. It is now straightforward to take our solution (23) and evaluate the action (16) to order ε 2 . Relative to the sphere solution (10), the action is
Let us now go back to the specific case of the high temperature behavior of Yang-Mills theories on S 3 . In this case m 2 2 is linear in λT 2 , so we see that at leading order ε/m 2 1 will be proportional to λT c (T c − T )R temperatures is independent of the temperature (at leading order in perturbation theory where it is just 2/R). We have seen that the difference in actions (24) is quadratic in ε/m 2 1 , so that the contribution to the free energy coming from (6) behaves as (near T = T c )
and as
where C 1 can be computed using (12) , and C 2 is a positive constant depending on the details of the theory, which can be computed using (24). In the pure Yang-Mills theory C 2 = 1/28, and in the N = 4 supersymmetric Yang-Mills theory C 2 = 3/16. These results indicate a second order phase transition at T = T c . As we mentioned above, the free energy has additional contributions which are much larger at weak coupling, but the contribution analyzed here is expected to be the only one which is not smooth at T = T c , so the expressions above should reliably capture the discontinuity in the second derivative of the free energy at T = T c , which is a gauge-invariant signal of the phase transition.
Summary and open problems
In this paper we analyzed 3+1 dimensional large N Yang-Mills theories (with all interactions proportional to commutators) compactified on S 3 at temperatures 1/R ≪ T ≪ 1/λR, for which the theory is in the deconfined phase. We assumed that the configuration was characterized by the eigenvalues of the various KK modes of the theory on the Euclidean S 3 × S 1 . We argued that for T ≫ 1/ √ λR the dominant configuration always involves a condensate of only a single KK mode -the lowest KK mode of the spatial gauge field A i , whose eigenvalues condense to form an S 5 . As the temperature is reduced, we showed that at T c = C/ √ λR, where the constant C depends on the details of the theory, additional fields (depending on the theory) start condensing, and that this leads to a second order phase transition. Our analysis of the phase transition is valid only for λ ≪ 1, and it is not clear how the phase transition line continues to larger values of λ. At large λ there are no known transitions of this type, so the phase transition line must either join the deconfinement transition line at some tri-critical point or go off to infinite temperature at a finite value of λ; the former possibility sounds more reasonable but we do not know how to prove it. In figure 2 we depict a possible conjecture for the completion of the phase diagram. In any case, the phase transition that we analyzed implies that one cannot smoothly connect the deconfined phase of the free gauge theory on S 3 to that of the strongly coupled gauge theory on S 3 , at least not by just changing the coupling at fixed large temperature, and perhaps not in any other way as well. It would be interesting to understand the implications of this for various attempts to study the black hole singularity using weakly coupled gauge theories at high temperature [8, 9, 10, 20, 11] . One should also bear in mind the possibility of additional phase transitions as the coupling is increased to T ∼ 1/λR, where the physics is non-perturbative (for small λ the physics is still governed just by the KK modes of A i , but they become strongly coupled).
We know that there is a second order phase transition because of our analysis of the free energy (26), but we have not been able to find any gauge-invariant observable that can serve as an order parameter for the transition -finding such an observable would be very interesting 6 . During the transition the eigenvalues of a specific mode φ 2 change from being localized at zero to spreading out, but the expectation values of gauge-invariant operators like Tr(| φ 2 | 2 ) obtain their dominant contributions at weak coupling from the off-diagonal elements of φ 2 , so they are non-zero both below and above the transition temperature. Presumably, these observables will behave non-smoothly (though continuously) at T = T c ; for instance, the first derivative of Tr(| φ 2 | 2 ) with respect to the temperature appears to jump discontinuously. It would be interesting to understand this better.
In this paper we only analyzed the first transition that occurs as the temperature is lowered. It is possible that additional transitions will occur at lower temperatures, when additional fields will also start condensing. In particular, in the N = 4 supersymmetric Yang-Mills theory, it is clear that there must be at least one additional phase transition, since the eigenvalues of A 0 remain at zero also below the phase transition we analyzed, while we know they are non-zero at low temperatures. It would be interesting to analyze in more detail the full phase structure of (7), to see how many phase transitions occur as the temperature is lowered further. Eventually, when we lower the temperature to T ∼ 1/R, our approximation (7) is no longer adequate and one must keep also higher order terms in the fields. Luckily, in this regime there is a different simplification, since the zero mode of A 0 becomes lighter than all other modes. It would be interesting to analyze the behavior of the theory, including all the KK modes, for T ∼ 1/R (a preliminary analysis including a single KK mode appears in [13] ), and to connect it to the behavior at T ∼ 1/ √ λR.
In this paper we only considered the case of gauge theories on S 3 . The generalization to other spatial manifolds which have no zero modes for A i is straightforward in principle, but rather complicated in practice. Our analysis of the phase structure on S 3 was aided by the fact that the lowest KK mode of the spatial gauge field had a rather large degeneracy n 1 = 6; on generic manifolds this will not be the case, and then our analysis of section 3 has to be modified, since (at least for n 1 = 1) it seems that even at very high temperatures more than one KK mode will condense. It would be interesting to analyze in detail the general matrix models that have lower values of n 1 , and to apply this to gauge theories on generic spatial manifolds.
It would also be interesting to generalize our analysis to theories with interaction terms that do not just involve commutators -in such cases it is not clear a priori whether one can reliably truncate the theory just to the eigenvalues, namely to commuting matrices, or not.
Another interesting generalization of our analysis is to theories in 2 + 1 dimensions (the analysis of the deconfinement transition for the pure 2 + 1 dimensional Yang-Mills theory was carried out in [21] ); in such theories there is still a gap between the thermal masses of A 0 and of A i , so it seems plausible that similar transitions to the one we have described will occur.
